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A theoretical investigation of super-resolution
CARS imaging via coherent and incoherent
saturation of transitions†
Willem P. Beeker,a Chris J. Lee,a Klaus J. Boller,a∗ Petra Groß,b
Carsten Cleff,b Carsten Fallnich,b Herman L. Offerhausc
and Jennifer L. Herekc
We review two approaches to achieving sub-diffraction-limited resolution coherent anti-Stokes Raman scattering (CARS)
microscopy (Beeker et al., Opt. Express, 2009, 17, 22632 and Beeker et al., J. Herek, Phys. Rev. A, 2010, 81, 012507). We performed
a numerical investigation, based on the density matrix model, of the CARS emission process and identified two modified CARS
experiments that lead to sub-diffraction-limited resolution images. At the heart of both processes is the spatial manipulation of
the coherence between the ground state and the vibrational state being probed by the CARS process via a control state and a
control laser that is resonant with the ground state to control state transition. We find two possible regimes of operation: in the
first regime, the control and vibrational states are coupled via incoherent processes so that the populations of the two states
reach equilibrium very quickly compared to the relevant coherence times. Under these conditions, pre-populating the control
state provides a saturable suppression of the coherence between the ground state and the vibrational state, suppressing CARS
emission. By using a donut mode to pre-populate the control state, CARS is suppressed everywhere but the central node,
allowing sub-diffraction-limited resolution imaging. In the second regime, the control state has a rather long coherence lifetime,
and the resonant laser drives Rabi oscillations that periodically deplete the ground state. As a result, the CARS emission process
is amplitude-modulated, which appear as sidebands on the CARS spectrum. By a process of spectral resolution and trilateration,
c 2011 John Wiley & Sons, Ltd.
sub-diffraction-limited resolution images can be obtained. Copyright 
Supporting information may be found in the online version of this article.
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Optical microscopy is at the heart of analysis in biology, used
at scales ranging from systemic to sub-cellular. Important recent
developments are far-field sub-diffraction-limited resolution imaging techniques that have opened up new vistas for quantifying
sub-cellular features.
Notable examples of far-field sub-diffraction-limited resolution
imaging are stimulated emission depletion (STED) microscopy,[1,2]
photoactivated localization microscopy (PALM),[3] and stochastic
optical reconstruction microscopy (STORM).[4,5] STORM and PALM
require that the fluorescent emitters be sufficiently spaced so that
by careful activation and deactivation single-photon detection and
counting statistics can be used to fit centriod locations far more
accurately than the diffraction-limited spot. STORM and PALM
have long image acquisition times, so that cells must be fixed
before imaging. Finally, the careful activation and deactivation
process requires rather specialized fluorescent labels.[6]
STED microscopy[1] exploits the optical nonlinear process of
saturation; the population of fluorophores is excited by a light field,
and then selectively depleted by another light field that stimulates
the fluorophores to emit. This suppresses the spontaneous
fluorescence from the fluorophore population, effectively limiting
it to locations where the stimulating light field is less than the
saturation intensity of the label molecule. Using a stimulating light
field with a node at the center limits the spontaneous fluorescence
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to emission from a sub-diffraction-limited volume at the beam
center. Furthermore, the resolution increases with the square root
of the intensity of the additional laser beam, allowing one to tune
the resolution. Recent results show that STED can provide images
with a lateral resolution of 6 nm in solids[7] or 33 nm in liquids.[8]
Label-free imaging techniques, such as coherent anti-Stokes
Raman scattering (CARS) microscopy, have the benefit of not
complicating observations through the introduction of fluorescent
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labels before imaging. By using characteristic vibrational modes
to identify and track features, CARS microscopy can provide
high-contrast video rate imaging. In addition, the laser fields
are nonresonant, limiting photodamage.[9] It is of considerable
interest to achieve sub-diffraction-limited CARS imaging, and
several research groups are actively investigating linear and
nonlinear techniques.[10,11] However, linear techniques cannot
be used to increase the spatial frequency cutoff of an imaging
system to obtain sub-diffraction-limited resolution, leaving only
nonlinear optical processes.
In this paper, we present a density matrix model[12] of CARS
emission. CARS emission in a four-level system (Fig. S1, Supporting
information), where another light field couples a level, referred to
as the control level, |4, to the ground-state |1, is considered. Two
mechanisms that lead to sub-diffraction-limited CARS microscopy
may have been identified. When the population in the control
level can be rapidly transferred to the vibrational level (|2) via an
incoherent process, then the buildup of the vibrational coherence
is suppressed, which reduces the CARS emission.[13] When the
lifetime of |4 and the dephasing of the |1–|4 transition is
sufficiently long compared to the transition rate imposed by
the additional laser, Rabi oscillations between |1 and |4 result,
inducing a Rabi splitting of the CARS emission.[14] The Rabi
splitting is intensity-dependent, which can be used to identify
features within a diffraction-limited volume (reminiscent of the
work performed by Gardner et al.[15] ).

Theoretical Framework

J. Raman Spectrosc. 2011, 42, 1854–1858

Saturable Suppression of CARS
For the incoherent saturable suppression of CARS, the |1–|2
and |1–|4 transition frequencies are chosen to be close to each
other to allow for a high nonradiative population transfer rate,
which we take to be 0.1 THz. The total lifetime of |3 is taken
to be short, in the order of picoseconds. The lifetimes of |2
and |4 are taken to be in the order of nanoseconds, while the
coherence lifetimes between each other and |1 is of the order
of picoseconds.[19 – 21] The laser pulse durations, τ , are 2 ps (1/e2 ,
full width half-maximum (FWHM)), except for the control pulse,
which is 35 ps in duration and arrives 60 ps in advance of the
pump, Stokes, and probe pulses. The simulations were performed
numerically, using a fourth-order Runge–Kutta solver over a time
range 100 ps in steps of 2.5 attoseconds.
As can be seen in Fig. 1(a), the control pulse populates |4 to
a density that depends on the pulse energy of the control pulse.
The high transition rate between |2 and |4 ensures that the
population density of |2 closely follows that of |4. This process
saturates for a critical pulse area[22] of about 100 radians for this
particular case (maximum Rabi frequency multiplied by the pulse
duration). The influence of this saturation process is shown in
Fig. 1(b), where the pre-pulse has the effect of suppressing CARS
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The level scheme of the medium and the driving light fields used
in our calculations are shown in Fig. S1. The four-level system
contains a ground state (|1), a vibrational state (|2), an excited
state (|3), and a control state (|4). Transitions between the ground
and excited states, the vibrational and excited states, as well as
the ground and control states, are dipole-allowed, while all other
transitions are dipole-forbidden.
The pump, Stokes, and probe pulsed laser fields, with
frequencies ωp , ωS , and ωpr , illuminate the medium. Although
these fields are far detuned from the |1–|3 and |2–|3 transition
frequencies, the pump and Stokes lasers are in two-photon resonance with the |1 and |2 transition. This populates |2, creating
a population difference between the states |1 and |2, which,
in combination with the two-photon resonant light fields, builds
up the vibrational coherence. The vibrational coherence induces
optical sidebands on the probe light frequency, one of which is
the CARS emission frequency (ωc = ωp − ωS + ωpr ). Often, the
laser fields ωp and ωpr are chosen to be degenerate in frequency;
however, for clarity, we use two different laser fields for ωp and ωpr .
To understand how the additional laser (called the control
laser ωct ) influences CARS emission, we calculate the dynamics of
the envelopes of the density matrix elements with the Liouville
equation[16] dρ/dt = −i/[H, ρ] − ( ij ρ ij ). The Hamiltonian H (in
dipole approximation) contains the pump, probe, and Stokes laser
fields, plus the control laser, with frequency ωct , chosen to be
resonant with the |1–|4 transition.
We study the following two cases: the incoherent population
exchange rate between levels |4 and |2 is considered to be high
(0.1 THz) (see Section on Saturable Suppression of CARS); and CARS
emission for the case where |4 has a decoherence rate that is slow
compared to the duration of the laser pulses (see Section on Rabi
Modulation of CARS). The former results in a rapid equalization

of population between |4 and |2. Although this appears to be a
special case, the vibrational modes of complex organic molecules
meet this requirement, because they often cross-relax on relatively
short time scales.[17] In the latter case, the slow decoherence results
in Rabi oscillations between |1 and |4. Although in our calculations |4 is treated as a vibrational state, any dipole-allowed state
with the requisite decoherence rate may be used. A study of the literature reveals that appropriate vibrational states can be found.[18]
In our calculations, the incident light fields Eij are taken as the
sum of the pulse envelopes
 from the pump, Stokes, probe, and
control light fields: Eij = n An exp(iij t), where n = {p, S, pr, ct}.
An (t) is the Gaussian shaped pulse envelope, ij = ωn − ωij , with
ωij being the transition frequency. We have assumed that there is
no temporal delay between the light pulses of the pump, probe,
and Stokes fields. In order to prepare the state of the medium, the
control pulse arrives and terminates before the onset of the other
pulses.
The off-diagonal density matrix elements ρ 13 (t) and ρ 23 (t) act
as the source terms of radiation in the Maxwell equations.[12]
We obtain the full temporal development of these elements by
multiplying the envelopes ρ ij (t) with their respective transition
frequencies. The Fourier transform of this provides the spectrum
of the emitted radiation.
To investigate the coherent and incoherent saturation of CARS,
we have chosen parameters that are typical, rather than specific, to
a particular molecule. The |1–|3, |1–|2, and |1–|4 transition
frequencies are taken to be 1000 THz (∼300 nm, ∼33 000 cm−1 ),
47 THz (∼6.4 µm or ∼1550 cm−1 ), and 97 THz (∼3.1 µm or
∼3200 cm−1 ), respectively. The pump and Stokes light fields are
set to be two-photon-resonant with the |1–|2 transition, with
the resulting pump and Stokes detunings of p = S = 353 THz,
measured with respect to the |1–|3 and |2–|3 transitions,
respectively. The detuning of the probe, pr , is set to 200 THz
with respect to the |1–|3 transition. This corresponds to pump,
Stokes, and probe wavelengths of 800, 923, and 600 nm. The
remaining parameters are given in the next Section and the
Section on Rabi Modulation of CARS.
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Figure 1. (a) Typical population densities as a function of control laser pulse
area. A significant fraction of the ground state population is transferred
to |4 and, via nonradiative transitions, to |2 once the control pulse area
is large. (b) Vibrational coherence ρ 12 (grey) and corresponding CARS
emission intensity (black) as a function of control laser pulse area. The
vibrational coherence is suppressed and CARS emission is saturated by the
control laser pulse beyond a pulse area of ∼100 radians.
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emission. For our parameters, we observe that CARS emission can
be suppressed to a maximum of 99.8% compared to the normal
intensity of CARS emission.
From the saturation process, a saturation intensity can be
defined as the control pulse intensity that frustrates CARS emission
to one-half of its maximum value[22] This saturation intensity
corresponds to a 25% reduction of the ground state population
density. We note that vibrational population inversion and 50%
ground state depletion of biologically relevant samples by direct
excitation using a mid-IR laser has been observed by Ventalon
et al.[23] The reported pulse duration, pulse energy, and the
bandwidths of the vibrational states were used to estimate that
the populations of their ground state and first vibrational state
become equalized at intensities in the order of 70 GW/cm2 during
a 100 fs pulse. Although this is high, it is important to note that the
pulse area of the control laser is more important than the intensity.
Hence, we estimate that a control pulse with a longer pulse
duration, such as the 35 ps duration used in our example, requires
an intensity of just 200 MW/cm2 . This is well below the threshold
for multiphoton ionization and excitation in the mid-infrared.
We estimate the resolution enhancement by considering an
experimental setup wherein the control laser illuminates the
sample with a donut mode, focused to a diffraction-limited spot.
We define the node of the control laser beam to the area where
the control laser’s intensity is lower than the saturation intensity.
CARS emission from within the node is unsuppressed, thus largely
unaltered, while outside the node it is suppressed by up to 99.8%.
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Figure 2. CARS emission spectra as a function of the control-laser-induced
Rabi frequency oscillations. Note that the sidebands are notable only when
the Rabi frequency is greater than the decoherence rate,  14 , as indicated
by the black line. The position of the sidebands relative to the central peak
is equal to R .

However, as the control laser intensity is increased, the node
becomes smaller and the total CARS emission from within the
node decreases, placing an upper limit on the resolution. The best
resolution can then be considered to be defined by the radius of
the node for which the signal contribution from within the node
is greater than the signal contribution from outside the node. This
allows us to derive an upper limit to the improved resolution of
approximately λ/(22 NA), where NA is the numerical aperture of
the imaging system and λ is the wavelength of the probe beam.
These calculations show that sub-diffraction-limited resolution
images can be obtained by extending the standard CARS microscopy setup to include a mid-IR control laser beam with a
donut-shaped transverse profile. This laser should be resonant with
an appropriate vibrational transition and have an intensity above
the saturation intensity of the vibrational transition. The node
leaves the CARS process unaffected in a sub-diffraction-limited
space around the center of the common focus, whereas CARS emission from that area outside the node is suppressed. The measured
CARS signal can then be attributed to this sub-diffraction-limited
region, where the intensity is less than the saturation intensity.

Rabi Modulation of CARS
Unlike in the previous section, longer lifetimes are chosen, with
R41 + R42 of state |4 are on the order of nanoseconds.[20]
The decoherence rates between states are of the order of
picoseconds.[19 – 21] All the laser pulse durations, τ , are set to 7 ps
(1/e2 , FWHM) except for the control laser field, which is continuous
during the interval of CARS emission. The numerical calculations
extend over 30 ps in steps of 0.1 attoseconds.
To understand how the control laser modifies the CARS emission
spectrum, the amplitude of the control field and, hence, the Rabi
frequency (R ) were varied in steps with the decoherence rate,  14 ,
held fixed at 0.1 THz. As shown in Fig. 2, the spectrum of the CARS
emission is single-peaked when R <  14 . However, once the Rabi
frequency is larger than the decoherence rate, the spectrum of the
CARS emission splits so that there are two symmetrical sidebands.
These sidebands show a spacing from the CARS carrier frequency
that coincides with R , given by the following equation[12] :
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Ec2 µ214
+ 214
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(1)
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√
In this expression, Ec = (2Ic / 0 ) is the control laser’s electric
field, and µ14 is the dipole moment at the |1–|4 transition.
Examination of the ground state population as a function of time
showed that the Rabi oscillations periodically deplete the ground
state, which modulates the vibrational coherence. As a result,
the amplitude of the CARS emission is modulated, creating two
Rabi sidebands in the CARS emission spectrum. The splitting,
which is large enough to overcome the decoherence, is several
terahertz, which is large enough to be distinguishable in a real
CARS experiment using standard spectrum analyzers.
This condition is further illustrated in Fig. S2, Supporting information. It can be seen that the sidebands are noticeable only if the
Rabi frequency exceeds the decoherence rate. In these simulations,
the Rabi frequency is held fixed, while the decoherence rate varies
from 0.02 to 10 THz. Up to the decoherence rates, corresponding to sub-picosecond decoherence times, the 4 THz modulation
is still detectable in Fig. S2. Since liquids have short coherence
times – typically on the order of 5 ps[18] – obtaining high Rabi frequencies is important to observe the presence of the sidebands.
The frequency of the sidebands depends on the intensity of the
control laser (Eqn (1)), which can be used to obtain sub-diffractionlimited resolution. The radial distance between the emitter and the
center of the control beam can be calculated by measuring the exact frequency of the sidebands, which we refer to as Rabi labeling
of the emitter position. The spatial dependence of the Rabi frequency is well known,[24] however, it is usually considered to cause
undesired broadening and should, therefore, be eliminated.[25]
The absolute position of an emitter location can be calculated
by trilateration in either two or three dimensions. Consider, as a
two-dimensional example, an emitter located at the Cartesian coordinates x1 and y1 . The frequency of the CARS sidebands depends
on the local intensity of the control laser, and cannot be used to
determine either of these coordinates directly. Instead, the sideband frequency corresponds to the distance
 between the center
of the control beam and the emitter, r1 = x12 + y12 . Scanning the
control laser by a known distance dx along the x-axis results in the
radial location of the emitter changing to x1 − dx, y1 . The sideband
frequency change
 reveals a new control beam center-to-emitter
distance, r2 =

(x1 − dx)2 + y12 . Solving these two expressions for

x1 yields x1 =
− r22 − dx 2 )/(2dx). A similar procedure provides
y1 . Clearly, the resolution of such an imaging process will depend
on how well resolved the sidebands are. In the following, we show
that sub-diffraction-limited resolution is possible.
Consider the pump, Stokes, probe, and control laser all centered
on the same location and focused to their respective diffractionlimited Gaussian-shaped intensity profiles. The distribution of
emitters then generates a distribution of Rabi sidebands on
the CARS signal. The range of the Rabi sidebands is given by
max = |µ14 E0 /| in the center to min = 1/e|µ14 E0 /| at a
radial distance w0 , where E0 is the peak of the control laser field
envelope and w0 is the a 1/e spot size of the control laser. The
radial resolution then depends on how accurately the content
of the Rabi sidebands are determined. Given a Rabi frequency
 corresponding to a radial distance from the center of the
focus r and an optical frequency measurement accuracy d, the
corresponding radial resolution is dr. It can be shown that



w02
(2)
ln
dr =
2r + dr
 − d
(r12
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Conclusions
We have used a density matrix model of a four-level system
to demonstrate two routes to obtaining sub-diffraction-limited
resolution in CARS microscopy. In the first approach, a STED-like
process was described. In this approach, an intense control laser
beam was shown to be able to suppress CARS emission in a
saturable way. To achieve this, it is necessary for the control laser
to pre-populate a vibrational state that is nonradiatively coupled
to the vibrational state probed by the CARS process. Using typical
parameters for molecular transitions probed by CARS microscopy,
we showed that up to 99.8% saturation could be obtained. We
estimate that the upper limit on sub-diffraction-limited resolution
is ∼λ/(22 NA), where λ is the wavelength of the probe beam. The
required pulse area for saturation corresponds to intensities that
span a range from 200 MW/cm2 through to 100 GW/cm2 , which
seems tolerable since the molecules remain in their electronic
ground state.
For control transitions with longer coherence times, we have
shown that resonantly driving the excitation of the control state
results in intensity and, thus, spatially dependent sidebands in the
CARS emission spectrum. Accurately measuring the resulting Rabi
splitting in the CARS spectrum allows objects to be resolved to
a resolution below the diffraction limit. We estimate from typical
experimental parameters that a resolution in the order of 65 nm
may be achievable. We also note that our calculations show that
any other emission process involving the ground-state, such as
coherent Stokes Raman scattering, also generates Rabi sidebands,
provided the decoherence rate is slower than the Rabi frequency.
Hence, the Rabi labeling may be applicable to other microscopy
techniques as well.
Supporting information
Supporting information may be found in the online version of this
article.
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The transcendental Eqn (2) indicates that dr can be made smaller
than the diffraction-limited beam waist w0 of the probe beam by

increasing the . Furthermore, emitters located away from the
center of the control beam are resolved better than those close to
the center due to the presence of 2r in the denominator. Equation 2
reveals that, for a given control laser intensity, the resolution
reaches its maximum value where the steepest intensity slope
of the control laser beam is. Hence, by using a Gaussian-shaped
control beam, the highest resolution is expected to be found off
the center. We illustrate this for a range of Rabi wavenumbers
in Fig. S3, Supporting information, where we have plotted the
Rabi-labeling resolution as a function of both Rabi wavenumber
and radial location. In this case, we use d = 3 cm−1 , which
is a typical value for the line width of a vibrational resonance
in liquid. This figure shows that considerable improvement over
diffraction-limited CARS microscopy is possible.
For a specific implementation of a microscope with a numerical
aperture of 1.2 and the laser wavelengths that were used in
our calculations, the diffraction-limited resolution is 171 nm. If
the control laser with a wavelength of λ = 3.3 µm and focused
to a diffraction-limited spot induces 100 cm−1 Rabi oscillations,
then at a radial distance of 1.2 µm the resolution is 65 nm. From
the data presented in Ref. [18], we estimate that 100 cm−1 Rabi
oscillations can be generated with a control laser intensity of about
500 MW/cm2 . This intensity is comparable to the intensities used
in standard CARS experiments, and is sufficiently low to avoid
multiphoton excitation.[23]
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